Calculations of the electronic energy levels and the distribution of the quasi-two-dimensional electron gas ͑Q2DEG͒ at the GaN/Al x Ga 1Ϫx N interface that take into account the graded nature of the interface are presented in this article. Mapping of the interface using scanning transmission electron microscopy annular dark-field imaging, the changes in the N K-edge and the integrated intensity of the Al L 2,3 -edge revealed that the interface can be up to 20 Å wide. Self-consistent calculations in the local density approximation estimate the sensitivity of the Q2DEG formed at the interface to various parameters, including the width of the interface, the concentration of bound charge, ambient temperature, and the geometrical sizes of the structure.
I. INTRODUCTION
It is already well established that the polarization difference ͑piezoelectric and spontaneous͒ at the GaN/Al x Ga 1Ϫx N heterointerface gives rise to a positive bound charge. This bound charge ͓which plays the role of doping in conventional III-V-compound-based systems with a high-density two-dimensional electron gas ͑2DEG͔͒ deforms the band structure so that high carrier concentrations form at the interfaces.
1, 2 This results in a quasi-2DEG ͑Q2DEG͒ with a high mobility without intentionally doping heterostructures. 3 Theoretical studies 4, 5 of such GaN/AlGaN structures show that the mobility of the Q2D electrons is primarily limited by phonon scattering of the carriers at room temperature, whereas at low temperatures it is limited by alloy disorder and interface roughness scattering. Both mechanisms are sensitive to the distribution of the Q2DEG relative to the interface: the closer to the interface the Q2D electrons are, the stronger is the scattering. These observations also strongly stress the importance of accurate positioning of the Q2DEG with respect to the interface.
Despite the existence of extensive research on the GaN/Al x Ga 1Ϫx N structures conducted in the past several years, questions still remain unanswered: What is the nature of the interface and how does it affect the concentration and distribution of the 2DEG? It is clear that the electronic energy levels and the resulting distribution of the Q2DEG formed at the GaN/Al x Ga 1Ϫx N heterointerface should depend on whether the interface is sharp or diffuse. 6 In this article, we report observation of wurtzite GaN/Al 0.25 Ga 0.75 N heterointerfaces using scanning transmission electron microscopy ͑STEM͒. Annular dark-field ͑ADF͒ images of these interfaces obtained in STEM provide evidence that the interfaces are diffuse. Using ADF imaging and electron energy-loss spectroscopy ͑EELS͒ measurements of the Al L 2,3 -edge and N K-edge across the interface, we observed that these interfaces can be up to 20 Å wide. Since this is commensurate with the width of the Q2DEG, questions immediately arise concerning the effects of this on the results of calculations based on the sharp interface model. Accordingly, we adapt Stern's model 6 of self-consistent calculations in the local density approximation ͑LDA͒ and incorporating bound charge to describe the formation of the Q2DEG at GaN/Al x Ga 1Ϫx N interfaces. We present its dependence on critical parameters, such as the width of the interface, the concentration of bound charge, ambient temperature, and the geometrical sizes of the structure.
II. EXPERIMENT
The wurtzite GaN/Al 0.25 Ga 0.75 N heterostructures studied in this article have been deposited on sapphire substrates on which ϳ200 Å AlN nucleation layers are grown in the molecular-beam epitaxy system. Layers of 1 m GaN and 30 nm Al 0.25 Ga 0.75 N were grown on this AlN buffer. The measured mobility of the Q2DEG at room temperature was 1152 cm 2 /V s with a sheet carrier density of 1.04ϫ10 13 cm Ϫ2 . A cross-sectional electron transparent sample for the STEM was prepared by standard tripod polishing techniques, 7 and ion milling was eschewed to prevent extra surface damage. Because of differences in the polishing rates of sapphire and GaN/Al 0.25 Ga 0.75 N and the very fragile nature of GaN and Al 0.25 Ga 0.75 N, it was necessary to add a protection layer to the heterostructure before polishing. In this case, a piece of Si was used.
All measurements reported in this article were performed with the Cornell VG HB501 STEM, which has a field-emission gun and is equipped with a single-electronsensitive ADF detector 8 and a parallel electron energy-loss spectrometer. The energy resolution of the spectrometer is 0.7 eV over an energy range of 0 to 2 keV. ADF images, which are sensitive to the atomic number ͑Z͒ and the thickness of the sample, provide information about the thickness variation of the sample and also the composition change at the atomic level. The minimum probe size of the STEM beam is ϳ2.1 Å, and the spatial and energy drifts are 0.3 nm/min ͑or less depending on conditions͒ and 0.03 eV/min respectively.
Extremely good alignment of the interface relative to the incident electron beam is essential in interface experiments of this type. Hence, electron diffraction was used for the initial alignment of the interface region of the sample with the zone axis, bringing the growth plane parallel to the incident e-beam. In wurtzite GaN/Al 0.25 Ga 0.75 N heterostructures, the growth plane is the basal plane; that is, the plane perpendicular to the c axis. The critical step is alignment of the basal plane parallel to the beam, thus giving later flexibility in orientations within that plane. The contrast of the periodic feature induced by composition variation in Al 0.25 Ga 0.75 N in the direction of the c axis ͑and detectable only after initial alignment͒ was then used to minimize the interface broadening on further tilt adjustment.
Another important factor is beam broadening inside the sample, caused primarily by elastic scattering of incident electrons and by the divergence of the focused beam ͑the convergence semi-angle of the STEM electron beam is ϳ10 mrad͒. The contribution in beam spreading caused by scattering can be estimated. 9 In our case of ϳ500 Å specimen thickness and ϳ15 mrad collection semi-angle, the estimated mean beam broadening is ϳ5 Å.
Since a long acquisition time is desirable to achieve lownoise EELS measurements, we also perform damage experiments on GaN and Al 0.25 Ga 0.75 N under the same conditions as the remainder of the experiments to estimate an acquisition time sufficient to permit the collection of relatively lownoise spectra that are also relatively free of damage. For this sample, we found that N K-edge spectra do not show any detectable damage until after at least 7 s of acquisition time. Therefore, in all further measurements of N K-edge and Al L-edge spectra, we used 5 s as the upper limit for spectrum acquisition time. Small sample drifts ͑Ӎ3 Å͒ during EELS measurements were corrected by recording and comparing ADF images of the specimen before and after spectra acquisition.
Several GaN/Al 0.25 Ga 0.75 N interfaces were studied and were found to be diffuse. Figure 1͑a͒ shows an ADF image of one interface, where the probing path is also indicated ͑dashed line͒. Since aluminum is present only on one side of the heterointerface, we measured the profile of the intensity of the Al L-edge across the interface ͓see Fig. 1͑c͔͒ . As expected, no Al signal was detected in the bulk GaN region. At a certain interfacial point, the intensity of the Al L-edge becomes significant and then increases up to a point where it equals the intensity of the Al L-edge in bulk Al 0.25 Ga 0.75 N. In these measurements, the interface was mapped by stepping the probe from the GaN to the Al 0.25 Ga 0.75 N. The solid line in Fig. 1͑c͒ is the ADF intensity at the same location.
Next, the interface was examined with a step size of ϳ4 Å across the interface by measuring changes in the N K-edge. With this step size, six steps are required to cross an entire interface. The results are presented in Fig. 2 . On careful examination, the spectrum of the N K-edge at one end has all the characteristic features of bulk GaN, while at the other, the spectrum has all the characteristic features of bulk Al 0.25 Ga 0.75 N. 10 Two interfacial spectra are presented in Fig. 2 , and, as we can see, a gradual transition from GaN to Al 0.25 Ga 0.75 N takes place. Mapping the interface by examining the alteration in the N K-edge spectra, the integrated intensity of Al L 2,3 -edge, and the ADF intensity, reveals the diffuse nature of the heterointerface and determines the physical width to be 20 Å.
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III. CALCULATIONS
A one-dimensional Schrödinger equation for oneelectron systems in an effective potential can be applied to describe the energy levels and distribution of Q2DEG in the GaN/Al x Ga 1Ϫx N structures. Within an effective-mass approximation the Schrödinger equation has the form
where the effective potential energy is given by In Eq. ͑2͒, V b (z) is the potential energy associated with the discontinuity of the conduction band of the heterojunction ͓for the AlN/GaN interface, see Fig. 3͑a͒ , where zϾ0 is GaN and zϽ0 AlN͔. The second term in Eq. ͑2͒ is the electrostatic potential, which can be obtained from Poisson's equation
where the occupation ͑the number of electrons per unit area͒ of the ith subband N i is given by
and the polarization-induced positive bound charge is b (z) ϭϪٌ•P. The last two terms in Eq. ͑2͒, V xc (z) and V im (z), are the exchange-correlation and image potentials respectively. To compute the exchange-correlation potential, the LDA was applied. 13 In calculations of V xc (z), the local effective mass m c *(z) and dielectric constant ⑀(z) were used. The image potential V im (z), caused by the presence of two materials with different dielectric constants, is calculated using the method described by Stern. 6 The rounding removes artificial discontinuities, which create singularities in their first derivatives. In our calculations, only 20% of the total width was used for rounding ͑see Fig. 3͒ . Here, we assumed that for the interfacial region, the effective-mass approximation is valid and that the local dielectric constant can be used. The same interpolation function was used to characterize the changes in the polarizations at the interface. As a result, the polarization-induced positive bound charge distribution in the structure has the form presented in Fig. 3͑b͒ .
By extending the results of Martin et al. 15 to arbitrary composition x, the discontinuity of the conduction band V b (z) can be approximated as ⌬E c ϭ0.75⌬E g , where the difference in the bandgaps of two materials ⌬E g can be expressed as 19 ⌬E g ϭx͑E g
AlN
ϪE g
GaN ͒Ϫx͑ 1Ϫx ͒b, ͑5͒
where b is 1.0Ϯ0.3 eV. Self-consistent solutions of Eqs. ͑1͒-͑4͒ were generated by a standard iteration procedure starting with some trial charge distribution. In solving Poisson's Eq. ͑3͒, the imposed boundary conditions were: ͑i͒ the conduction band at the GaN/substrate boundary is at E c GaN with the Fermi level set at the midgap of GaN and ͑ii͒ the Schottky barrier at the Al x Ga 1Ϫx N surface is pinned at e⌽ b .
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IV. RESULTS AND DISCUSSION
We begin with the AlN/GaN heterostructure as an extreme case of Al x Ga 1Ϫx N/GaN. The values of the potential energy V b and the polarization-induced bound charge used in the calculations are the same as in Fig. 3 . The structure considered was a 300-Å-thick AlN barrier layer on 1 m GaN buffer layer. The pinning of the Schottky barrier at the AlN surface was 2.14 eV with the Fermi level set at E F ϭ0 eV, and the ambient temperature set at Tϭ300 K. The results of the calculations for three interface widths are presented in Table I and first two excited states E 10 ϭE 1 ϪE 0 and E 20 ϭE 2 ϪE 0 are presented. As we see from Fig. 4 , the profile of the conduction band is very sensitive to the width of the interface ͑for example, the minimum value of the conduction band changes from Ϫ0.750 eV for 5 Å interface and to Ϫ0.544 eV for 20 Å͒, while the concentration n of the Q2DEG is not affected that strongly. On the other hand, there is a shift in the average distance of electrons from the center of the interface ͗z͘ ͓͗z͘ϭN Ϫ1 ͐ zn(z)dz͔ from 8.6 to 11.3 Å. It should be noted that only the energy of the ground state E 0 is below the Fermi level and, as a result, the major contribution to the spatial distribution of the Q2D electrons comes from this state. The values of ͗z͘ and the distributions of the Q2DEGs also indicate that, while in the case of a 5 Å interface the electron gas is primarily located in GaN ͑85.5%͒, in the case of a 20 Å interface, only 51.0% is in GaN. This result indicates that 49.0% of the Q2D electrons are either in AlN or in the interfacial region, being subject to additional strong interface roughness or to alloy scattering.
Corrections to the energy levels due to V xc (z) are also presented in Table I . As we see, with V xc (z), all levels are shifted down, with pronounced corrections to the ground state. Due to small differences in the dielectric constants, the effects of the image potential in AlN/GaN are small and within the accuracy of the calculations, and are therefore neglected in succeeding calculations. 20 For a given composition of Al x Ga 1Ϫx N and geometrical sizes of the structure, the temperature and potential drop in the Al x Ga 1Ϫx N barrier layer are parameters that can potentially affect the Q2DEG. For the AlN/GaN heterostructure, dependence of the energy levels and ͗z͘ on temperature is studied. With increasing temperature, ͗z͘ changes, shifting electrons more into the GaN side of the interface. A slight increase in the difference of the ground state energies between the 5 and 20 Å interfaces is also observed. Calculations show that the density of the Q2D electrons stays almost unchanged over a temperature range from 50 to 1000 K, even though there are significant changes in the energy levels and the shift in ͗z͘ ͑for example, for the 20 Å interface E 0 changes from Ϫ0.221 to Ϫ0.192 eV͒.
The effect of the potential drop in the Al x Ga 1Ϫx N barrier layer can be introduced into the calculations in two ways, by varying the value of the potential at the Schottky barrier or by keeping the Schottky barrier unchanged and varying the thickness of the Al x Ga 1Ϫx N layer. The results of calculations for the AlN/GaN structure with the 20 Å interface are presented in Fig. 5 . Here, we used the value 2.14 eV for the Schottky barrier height in all cases. The changes in the thickness of the AlN layer from 100 to 450 Å ͑corresponding to a change of the Schottky barrier height from 1.77 to 4.28 eV with a constant 300 Å AlN layer͒ do not significantly affect the Q2DEG. With further reduction of the AlN thickness ͑р100 Å͒, the ground level moves up and, as a result, the concentration of the electron gas decreases. A considerable change in structure occurs only for very small thicknesses ͑Ͻ50 Å͒. These results stress the presence of limitations on the size of the barrier: barriers that are too thin will significantly reduce concentration of the Q2D electrons.
The next step was consideration of the Al x Ga 1Ϫx N/GaN heterostructures with different compositions. Calculations for compositions xϭ0. 4 the heterostructures studied in the experiments͒ were also performed. The results for the Al 0.25 Ga 0.75 N/GaN structure are presented in Fig. 6 , where, for a polarization-induced bound charge of 1.50ϫ10 13 cm Ϫ2 , the concentrations of the Q2DEG were found to be 1.40ϫ10 13 Figure 7 summarizes the dependence of the concentration of the Q2DEG on the induced positive charge for two interface widths. Straight lines with slopes ␣ϭ0.99 and ␣ϭ0.98 ͑for 5 and 20 Å interfaces, respectively͒ fit to points obtained for different compositions. This type of behavior suggests that the concentration of the Q2DEG depends primarily on the total positive charge at the interface. The distribution of electrons, on the other hand, has a more complex dependence on the parameters of the structure. For example, the bigger the conduction band discontinuity, the smaller are the tails of ͉ i ͉ 2 penetrating into Al x Ga 1Ϫx N region. The interface width also affects the distribution of electrons. Figure 8 shows that, while the electron gas is primarily located in the GaN side of the heterostructure for a 5-Å-wide interface, for a 20 Å interface, a significant fraction of the electrons are in the interfacial region for a wide range of compositions. As can be seen here for compositions up to x ϭ0.6, only Ͻ45% of the electrons are in GaN. This linear dependence can be used for a quick and reliable estimate of the concentration of the Q2D electrons if the density of the positive bound charge is known.
The results of our calculation were also compared with some of the experimental measurements existing in the literature. Concentrations of the Q2DEG obtained here for compositions xϭ0.25 and 0.4 are in good correspondence with measured values.
1 Strong dependence of the concentration of the Q2DEG on AlN thickness in AlN/GaN heterostructures ͑for small thicknesses͒ predicted by calculations ͑see Fig. 5͒ has also been observed experimentally by Smorchkova et al. 21 We should note here that for very small thicknesses of the AlN layer, the concentration also becomes sensitive to other parameters, such as the degree of relaxation or the interface width. For example, in calculations we assumed AlN is completely relaxed (rϭ1) and b ϭ3.2 ϫ10 13 cm Ϫ2 . However, within the range of acceptable relaxation rϭ1 to rϭ0.4, the positive bound charge can have values from b ϭ3.2ϫ10 13 to 5.1ϫ10 13 cm Ϫ2 and, therefore, can result in higher concentrations for Q2DEG.
V. CONCLUSION
A STEM study of the interface by mapping changes of the N K-edge, the integrated intensity of Al L 2,3 -edge, and the intensity of the ADF signal showed that Al x Ga 1Ϫx N/GaN interfaces can be up to 20 Å wide. Detailed calculations of the electronic energy levels and distribution of the Q2D electron gas were then carried out for undoped GaN/Al x Ga 1Ϫx N heterostructures with graded interfaces for different compositions x.
The results of the calculation predict that ͑i͒ the total concentration of the Q2D electrons is primarily governed by the polarization-induced positive charge; ͑ii͒ the dependence is linear (nϭ0.985ϫ b ), which can be used to estimate the concentration of the Q2D electrons when the density of bound charge is known; ͑iii͒ the distribution of carriers and energy levels of the Q2DEG are sensitive to interface width ͑for example, for composition xϭ0.25, only 36.9% of the Q2D electrons are in GaN region͒, and therefore, must be taken into account in calculations of mobility, especially at low temperatures, and ͑iv͒ the size of the barrier can impose limitations in achieving high-concentration Q2DEGs-for example, if the thickness of the AlN barrier is reduced to about 20 Å, then the concentration of the Q2D electrons will be reduced by a factor of 2 ͑assuming the potential of the Schottky barrier is kept same͒. Thus, while there are similarities between the characteristics of the sharp and diffuse interfaces, there are also differences in details that may be significant in the appropriate circumstances.
Good agreement of the values calculated here for the concentration of Q2DEG with the experimental data indicates that the model applied here correctly describes the formation of the Q2DEG for different compositions of the Al x Ga 1Ϫx N layer and its dependence on the AlN thickness. 
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